The 1-loop partition function of the handlebody solutions in the AdS 3 gravity have been derived some years ago using the heat kernel techniques and the method of images. In the semiclassical limit, such partition function should correspond to the order O(c 0 ) part in the partition function of dual conformal field theory(CFT) on the boundary Riemann surface. The higher genus partition function could be computed by the multi-point functions in the Riemann sphere via sewing prescription. In the large central charge limit, the CFT is effectively free in the sense that to the leading order of c the multi-point function is further simplified to be a summation over the products of two-point functions of singleparticle states. Correspondingly in the bulk, the graviton is freely propagating without interaction. Furthermore the product of the two-point functions may define the links, each of which is in one-to-one correspondence with the conjugacy class of the Schottky group of the Riemann surface. Moreover, the value of a link is determined by the multiplier of the element in the conjugacy class. This allows us to reproduce exactly the gravitational 1-loop partition function. The proof can be generalized to the higher spin gravity and its dual CFT. *
Introduction
The AdS 3 gravity, whose action includes a negative cosmological constant besides the EinsteinHilbert term, provides a new angle to understand the AdS/CFT correspondence [1] . It looks trivial as there is no local bulk degree of freedom, but it actually has global degrees of freedom.
As shown in [2] , under appropriate boundary conditions the asymptotic symmetry of the AdS 3 spacetime in the theory is generated by two copies of Virasoro algebra with the central charge
where l is the AdS radius and G is the three-dimensional gravitational coupling constant. This suggests that there are boundary degrees of freedom which may describe the physics in the bulk. The AdS 3 /CFT 2 correspondence states that the quantum gravity in AdS 3 is dual to a two-dimensional(2D) CFT with the central charge (1.1). In this correspondence, the BTZ black hole [3, 4] is dual to the highly excited states in CFT, and its macroscopic BekensteinHawking entropy could be counted by the degeneracy of the excited states and therefore has a microscopic interpretation [5] . Moreover, the AdS 3 gravity could be topological in nature.
It was found in [6] that its action in the first order formulation could be written in forms of the Chern-Simons action. This raised the proposal that the AdS 3 gravity could be equivalent to a Chern-Simons theory with a gauge group SL(2, C) [7, 8] . The Chern-Simons formulation of the AdS 3 gravity has been generalized to include the higher spin fields [9, 10] and led to the correspondence between the higher spin AdS 3 gravity and 2D CFT with W symmetry [11, 12] .
Even though a precise definition of AdS 3 quantum gravity has not been well-established, its semiclassical limit is well-understood. In the AdS 3 gravity, all classical solutions are locally maximal symmetric and could be obtained as the quotients of the global AdS 3 by the subgroup of the isometry group SL(2, C) [4] . Consequently the path integral of the AdS 3 gravity could be well defined in principle. In the semiclassical regime, the partition function should include the contributions from all the saddle points. Among all semi-classical solutions, the handlebody solutions have been best understood. This class of solutions could be obtained as the quotients of the AdS 3 spacetime by the Schottky group. At the asymptotic boundary, the configuration is a Riemann surface, which could be uniformized by the Schottky group. It was shown in [13] that the regularized semi-classical action of the handlebody solution could be described by a Liouville type action, the so-called Zograf-Takhtajan(ZT) action [14] 1 . Furthermore, the 1-loop partition function of the handlebody solutions has been conjectured to be [17] log Z| 1-loop = − 1 For the study on the semiclassical action of other hyperbolic solutions see [15, 16] .
where γ is the primitive conjugacy class of the Schottky group and q
is the larger eigenvalue of γ. This relation has been obtained by the direct computation in the gravity by using the heat kernel techniques and the method of images [18] .
On the dual CFT side, the semiclassical gravity corresponds to the large central charge limit. Despite of many efforts (see for example [8] ), the explicit construction of the CFT is not clear yet. It is expected to have a sparse light spectrum in the large c limit [19] [20] . To the leading order of c in the partition function, the light spectrum dominate the contribution, while the heavy operators only contribute nonperturbatively as e −c . The vacuum module plays a special role. It is universal for all CFT, includes the stress tensor and its descendants.
In the AdS 3 /CFT 2 correspondence, the stress tensor is dual to the massless graviton in the bulk. In fact, it was shown in [21] that the genus-1 partition function is 1-loop exact and the contribution comes purely from the vacuum module.
The recent study on the Rényi and entanglement entropy revives the AdS 3 /CFT 2 correspondence. The multi-interval Rényi entropy of a 2D CFT is determined by the partition function on a higher genus Riemann surface resulted from the replica trick. For the CFT dual to the AdS 3 gravity, the CFT partition function should be equal to the partition function of corresponding gravitational configuration ending on the Riemann surface at the AdS boundary. In the large c limit, the leading contribution of the Rényi entropy, which is dominated by the vacuum module [19] , is equal to the ZT action [22] . This leads to the proof of the Ryu-Takayanagi formula for the holographic entanglement entropy [23, 24] . More interestingly, from the study on the Rényi entropy of double intervals with a small cross-ratio and the single interval on a torus [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] , it turns out that the holographic computation is even correct at 1-loop level. Now the next-leading contribution to the Rényi entropy from the vacuum module is dual to the 1-loop graviton partition function (1.2) of corresponding gravitational configuration. More generically, one may find the following picture. For a handlebody instanton whose boundary is a higher genus Riemann surface, the partition function of the instanton including the quantum corrections should be exactly the same as the partition function of the Riemann surface in the dual CFT in the large c limit. In this paper, we try to prove that the 1-loop partition function (1.2) for any handlebody solution agrees exactly with the next-leading c part of the partition function in CFT.
To prove the 1-loop partition function (1.2) for any handlebody solution, we need to compute the partition function of a higher genus Riemann surface in CFT. Here we use the gluing prescription to compute the higher genus partition function [17, [35] [36] [37] . Every compact Riemann surface could be described by the Schottky uniformization. For a genus g Riemann surface, the Schottky uniformization allows us to identify g pairs of nonintersecting circles in the Riemann sphere. In CFT language, the identification is equivalent to cut open a handle and insert a complete set of states there. On the Riemann sphere, this means that one has to insert pairs of the vertex operators at the fixed points in the pairwise circles. As a result, the partition function of a genus-g Riemann surface is the summation of 2g-point functions on the Riemann sphere. As there is a uniformization map from the Riemann surface to the Riemann sphere, the resulting conformal anomaly is proportional to the central charge, therefore the linear c contribution in the partition function is captured purely by the ZT action. The sub-leading contribution is encoded in the 2g-point functions
where m 1 , m 2 , ...m g denote the summation of all of the states on the circles C 1 , C 2 , ...C g and
denotes the Schottky generator identifying C i and C i , and
m i are the vertex operators corresponding to the same state but being inserted at the different fixed points of the generator L i . As we are interested in the next-leading contribution in the large c limit, the computation of 2g-point functions is very much simplified.
One essential fact is that the CFT in the large c limit becomes effectively free, which means that the multi-point function is dominated by the product of two-point functions of single-particle states. First of all, a general state in the vacuum module could be of the form whereL −m 's are the normalized Virasoro generators, r m 's are non-negative integers. In the large c limit, different states are orthogonal to each other, and all of the states constitute a complete set. Every stateL −m |0 > is a one-particle state as it could be constructed as
From the state-operator correspondence, the corresponding vertex operator ofL −m |0 > is of a form V m ∼ ∂ m−2 T so that it duals to a single graviton in the bulk. The particle number of a general state (1.4) is r = r m . For a particler state, the normalized vertex operator is just the normal ordered product of single-particle operatorsÔ =:
Secondly, the leading contribution in the 2g-point functions on the Riemann sphere is of order O(c 0 ), so that a 2g-point function is dominated by the products of the two-point functions between the single-particle operators. Moreover the products of two-point functions may define various links. By using SL(2, C) transformations and the reduced completeness condition, the value of a link is captured by the correlator of two single-particle vertex operators being related by an element in the Schottky group. Consequently the value of the link is only determined by the multiplier of the element. More interestingly, it turns out that every oriented link is actually in one-to-one correspondence with the conjugacy class of the Schottky group. This paves the way to prove the 1-loop partition function (1.2) for any handlebody solution by taking into account all possible combination of the products of two-point functions in Z g .
In the next section, after briefly reviewing the Schottky uniformization, we discuss how to compute the partition function of a CFT on a higher genus Riemann surface. In section 3,
we prove the relation (1.2) for any handlebody solution for pure AdS 3 gravity. We discuss the states in the vacuum module of the CFT in the large c limit and the corresponding vertex operators. As a warm up, we reconsider the genus-1 partition function. Then we move to the higher genus partition function. In section 4, we generalize our study to the CFT with W symmetry. We end with the conclusion and discussion.
Schottky uniformization and the partition function
In 3D AdS gravity, all the classical solutions could be obtained as the quotient of the global AdS 3 spacetime by a subgroup of the isometry group SL(2, C). In this work, we focus on the handlebody solutions whose asymptotic boundaries are compact Riemann surface. For the handlebody solutions, the subgroup is actually a Schottky group. In general, for a handlebody solution, the boundary Riemann surface is of higher genus.
From AdS/CFT correspondence, the partition function of AdS 3 quantum gravity should correspond to the partition function of higher genus Riemann surface in the dual CFT. In the large central charge limit, the semiclassical gravitational action is captured by the leading c terms in the CFT partition function. In the large c CFT, the leading contribution is determined by the conformal anomaly and the Schottky uniformization. For the next-leading contribution, it could be read from the summation of the multi-point functions on the Riemann sphere via the sewing prescription.
In this section, we first give a brief review on Schottky uniformization, mainly basing on the work [13] . Then we discuss how to compute a higher genus partition function using the sewing prescription.
Schottky uniformization
Every compact Riemann surface can be described by a Schottky uniformization. For a genus- i ) maps C i to C i such that the outer(inner) part of C i is mapped to the inner(outer) part of C i . Then the fundamental region is the part of the Riemann sphere exterior to all the circles, and its quotient is a compact Riemann surface of genus g. Each element L i is an SL(2, C) matrix , and it is represented by the action
where a i and r i are respectively the attracting and repelling fixed points, 0 < |p i | < 1 is the multiplier. The eigenvalues of the matrix L i are √ p i and p One may define the map
It maps the standard unit circle centered at the origin to the circle
Actually every Schottky generator could be constructed in this way.
The uniformization map from the region of discontinuity to the Riemann surface could be determined by the help of a second order differential equation
where R S (u) is the projective connection on a marked Riemann surface and ψ could be taken as a multi-valued differential on M of order −1/2. The ratio of two independent solutions ψ 1 and ψ 2 of the Fuchsian equation (2.4)
gives the map. By imposing appropriate monodromy condition on the cycles of the fundamental group of the Riemann surface, one can find the generators of the Schottky group. For a general higher genus Riemann surface, this is a very difficult problem. However, for the Riemann surface resulted from the replica trick in computing the Rényi entropy, the problem has been solved explicitly in a perturbative way in the double-interval case [22, 26] and single interval on a torus case [26] [33].
Partition function on higher genus Riemann surface
We would like to compute the partition function of a large c CFT on a higher genus CFT. It turns out that the leading c contribution is captured by the Zograf-Takhtajan(ZT) action. On any compact Riemann surface of genus greater than 1, there is a so-called Poincaré metric, which is a unique complete metric of constant negative curvature −1
Such a metric is related to the flat metric on the complex plane by a conformal transformation
where φ s is a real field on the Riemann sphere. The constant curvature condition requires that the field satisfy the Liouville equation 
This action is a Liouville action with boundary terms. The action evaluated on the solution of the Liouville equation gives exactly the regulated AdS 3 gravitational action of the corresponding gravitational configuration. Actually this relation helps us to fix the overall factor in the above action. Moreover the ZT action captures the conformal anomaly and depends only on the choice of the metric in a fixed conformal class [13] . Under the conformal transformation, the partition function on the Riemann surface is related to the one on the Riemann sphere via
It is remarkable that the ZT action captures the whole leading contribution in the partition function in the large c limit.
The partition function on a higher genus Riemann surface can be computed using gluing prescription, following Segal's approach to conformal field theory [35] . As nicely reviewed in the appendix C of [36] , the partition function is defined to be the summation of 2g-point functions on the Riemann sphere
where D is the fundamental region with boundary ∂D = ∪ i (C i ∪ C i ). Here φ i , ψ i are the states in the Hilbert space H, and φ i [C i ] denote the states associated with the boundary circle C i . The circle C i could be related to the standard circle around the origin by a Mobius
To simplify the notation, we will write γ a i ,r i = γ i . Due to the state-operator correspondence, the states on the circle C i is created by the vertex operator at γ i (0). More precisely, there is a correspondence
where the operator U is
Moreover, the state on the circle C i corresponds to the vertex operator
whereγ ≡ 1/z maps the origin to the infinity. In (2.11), G φψ is the metric on the space of the states
With the vertex operators, the partition function (2.11) is changed to the summation over 2g-point functions of the vertex operators inserted at 2g fixed points 
Let us reconsider the genus-1 partition function in a CFT. In this case, the partition function is decomposed into two-point functions
As the two-point function is conformal invariant, we may apply a SL(2, C) transformation γ
to the two-point functions and get
which is the standard result for the thermal partition function of a CFT. In the computation, the transformation brings the circles C 1 and C 1 to the boundary circles of the annulus around the origin with the radius being p 1 and the unit respectively. Now the Schottky generator is simply the diagonal matrix, and p 1 is the modular parameter of the torus formed from the annulus by identifying two boundary circles.
More generally we may consider the two-point function of the vertex operators inserted at the fixed points in two circles which are related by an element L of the Schottky group. As every such element could be put in the form of (2.1), the two-point function is simply
where V is the vertex operator corresponding to the state φ with conformal weight h, and p is the multiplier of the element L. Here we use the notation that the operator V denote the operator inserted at the fixed point of one circle and LV is the one in the other circle. Both operators correspond to the same state, with V generating the ket state and LV generating the bra state.
In the following, as every Schottky generator is characterized by the fixed points and the multiplier, there is no need to write them explicitly. Formally, the partition function could be written as
Pure AdS gravity
The partition function on a higher genus Riemann surface (2.11) could be decomposed into a summation of 2g-point correlation functions on Riemann sphere. This is workable for any CFT.
It certainly depends on the the spectrum and the OPE of the CFT. Here we are interested in the large central charge limit of the CFT dual to the AdS 3 quantum gravity. In this case, the dual CFT has a sparse light spectrum [19, 20] , and only the vacuum module contributes to the partition function perturbatively, and other heavy modules give non-perturbative contribution as O(e −c ). Therefore we focus on the large central charge limit of the vacuum module. It turns out that the theory becomes essentially free, and the interaction is suppressed in the limit [38, 39] . After a detailed study of the states in the vacuum module, we compute the genus-1 partition function as a warm up and reproduce the thermal partition function computed in other ways. Next we turn to the computation of the partition function on a higher genus Riemann surface, and find the perfect agreement with (1.2) as well.
Vacuum module in the large c limit
The vacuum module can be generated by the Virasoro generators acting on the vacuum | 0 .
The holomorphic sector of the Virasoro algebra is
which has a non-homogenous term of order c. The anti-holomorphic sector has the same structure. In the following discussion, we focus on the holographic sector. As the vacuum is invariant under SL(2, C) conformal symmetry, so is annihilated by the generators L ±1 , L 0 .
The vacuum module are built on the states
where only finite number of r i 's are non-zero, and their conformal dimensions are
in which there is only finite number of non-zero terms in the summation. A general state in the module is the linear combination of these states. We note that the states in (3.2) are not orthogonal to each other.
In the large c limit, the states in the vacuum module could be re-organized more nicely.
Under this limit, we can renormalize the operatorŝ
The commutation relations for the renormalized operators are 
A general state in the vacuum module could be of the form
with only finite number of r m 's being non-zero. Now different states are orthogonal to each other to order c 0 . The normalization for the state is
We may define the "particle number" for such a state to be r = r m . The physical reason behind this definition is that each single-particle stateL −m |0 > corresponds to a graviton.
By contour integral the corresponding operator for the state (3.2) is
which is a product of the stress tensors and their partial derivatives. It is clear that the "particle number" of this operator is the number of the stress tensors r = In the following discussion, the single-particle state is of particular importance. For a single-particle stateL −m |0 >, its corresponding vertex operator is of the following forms at the origin and the infinity respectively
At the origin, the normalized vertex operator for the particle-r state (3.2) readŝ
In other words, the vertex operator of a multi-particle state is just the normal ordered product of the vertex operators for the single-particle states. The important point is that this fact is even true for the states on the circle not around the origin. Under a conformal transformation, the form of the operator get complicated due to the existence of the partial derivatives. According to (2.12), under a conformal transformation γ i (2.2), the vertex operator at the origin is changed to the one at the fixed point a i
which could be of a complicated form if φ i is a multi-particle state. Taking 14) we find that
As the states induced by the terms involving L 0 and L ±1 are subdominant in the large central charge limit, we may just take
In terms of the vertex operators, we have the operator at the fixed point a i being of the form 18) up to a normalization. In other words, the vertex operator at a i could still be written as the normal ordered product of the vertex operators corresponding to single-particle states.
In the large c limit, the states constructed above are not only normalized and orthogonal to each other, but also constitute a complete set. Therefore, we may insert such a complete set of states at the pairwise circles in the Riemann sphere to compute the partition function.
In other words, we have the relation 19) where the summation over m j is from 2 to the infinity, and r is the "particle number" for the inserting state. Here we list the states with the fewest particle numbers in the above relation
... (3.19) . The remaining factor is just 1/ r j !, which could be cancelled by the normalization of the state.
The completeness condition could be written in terms of the vertex operators as
where :: denotes the normal ordering. Note that the above complete set of state basis is inserted at the standard unit circle around the origin. Actually on this circle, a ket state |A > corresponds to the vertex operator V A inserted at the origin, and a bra state < A| corresponds to the vertex operator V (U (γ)A) inserted at the infinity.
Obviously, one is free to insert the completeness condition at another circle in the Riemann sphere. For example, consider the circle related to the standard circle by the map (2.2), the the point a i , while the bra state < A| on the circle should created by the vertex operator
Inserting an identity operator in the correlation function corresponds to inserting pairs of the vertex operators at a i and r i respectively and summing over all the contribution of the possible vertex operators, i.e.
In particular, if we insert a complete basis in a two-point function, we have
If the operators V 1 , V 2 correspond to the single-particle states, then among the correlators
, the two-point functions between two single-particle states dominate in the large central charge limit so that we have
This relation will play the key role in the following discussion. Note that the relation is true for any SL(2, C) transformation, not only the one in the form (2.2). The above relation could be written schematically as
where L is an SL(2, C) element, L V m is the vertex operator corresponding to the single particle ket stateL −m |0 >, and LV m corresponds to the bra state. It should be kept in mind that this relation is only true for the vertex operators V 1 , V 2 corresponding to the single-particle states.
The relation (3.25) is called the reduced completeness condition.
As we shown before, the genus-g partition function could be computed by the 2g-point functions on the Riemann sphere. In the large central charge limit, these correlation functions are at most of order O(c 0 ) [37] . The order O(c 0 ) terms correspond to the 1-loop partition function in the gravity. This could be seen from the operator product expansion(OPE) of the stress tensor: 26) and the Ward identity 
Genus-1 partition function
Let us first compute the genus-1 partition function in our framework, as a warm up. In the large c limit, this case has been studied in [21] 
where q is the modular parameter of the torus. We are now trying to reproduce this result in a new way. Even though the derivation looks tedious, the computation is suggestive for the computation in higher genus cases.
In the torus case, the Schottky group is generated by only one SL(2, C) element L. The genus-1 partition function could be read from
By the OPE (3.26) and the Ward identity (3.27), the expectation value for 2r stress tensors are at most order c r and the leading c contribution are captured by the products of r two-point functions, and the partition function is the summation of all the products with appropriate combinatory factors. For r = 0 term, the contribution from the vacuum is 1. For r = 1 term
where we have used the relation (2.19) but now only sum the single particle states H 1 . For r > 1 case, the expectation value equals to
...
where P denote different permutation. There is no two-point function between two V operators or twoV operators at the same fixed point because of normal ordering.
To classify the possible combination of two-point functions in the summation (3.31) clearly, we define a diagram language. As in Fig.1 contour, which will be called as a link. In short, a link is defined by certain product of two-point function of single-particle operators. The length of the link is defined to be the number of dashed lines. It is convenient to assign a direction on the dashed line indicating the flow between V toV . As we will see shortly, the direction from V toV corresponds to a Schottky generator, while the flipped direction corresponds to the inverse of the generator.
The expectation value of a link is
where s is the length of the link. Here we have used the fact that the two-point functions are invariant under conformal transformation and the reduced completeness condition (3.25) for the two-point function. The above symbolic derivation could be made more clear with the explicit expressions of the vertex operators. As
1 , and the computation of the two-point functions in the last step is on an annulus with the modular parameter being q s .
The two-point function of the particle-r vertex operators can be cast into the summation of the products of r two-point functions of single-particle operators. Each product can be For the partition function (3.29), we just need to sum over all the contributions from different combinations of the links
This is the genus-1 partition function found in [21] . It is actually the one for the holomorphic sector, and there is the anti-holomorphic sector which gives the same contribution. On the other hand, in the gravitational partition function, there is the contribution from the primitive conjugacy class L −1 , which is the same as the one from L.
From our derivation, it seems to be of order O(c 0 ) but it in fact is exact without higher order 1/c correction. The exactness of the genus-1 partition function could be seen from the relation (2.19), which shows that the function depends only on the spectrum of the vacuum module.
Genus-2
For the genus 2 case, there are two free generators in the Schottky group. In the Riemann sphere, there are four circles with the fixed points a 1 , a 2 and r 1 , r 2 , as shown in Fig. 2 . The partition function could be written as
where m 1 , m 2 are over all possible states in the vacuum module. For the multi-particle states, every operator O m i could be decomposed into the product of the operators corresponding to the single-particle states. To simplify the discussion, let us first consider the simplest case that four operators in the correlation functions are all single-particle operators. As in genus-1 case, the four-point correlator could be decomposed into the product of two two-point functions.
However, there are now more possibility for the operators to combine. For example, the vertex operator at a 1 can not only contract with the operator at r 1 , but can also contract with the operators at a 2 and r 2 . Without losing generality, we assume the operators at a 1 , r 1 correspond to the stateL −m 1 |0 >, and the operators at a 2 , r 2 correspond to the stateL −m 2 |0 >. In the first case, when the operator at a i is connected with the one at r i to form two-point functions as in Fig. 3a , it is easy to see that the contribution is simply
where q 1 and q 2 are respectively the multipliers in the generators L 1 and L 2 . If we consider all the states but only allow the operators connect from a i to r i , then finally we get the product of two genus-1 partition functions Z 1 (q 1 )Z 1 (q 2 ).
On the other hand, we are allowed to connect the operators at a 1 to the one at a 2 or r 2 .
Let us first consider the case that the operator at a 1 connect to the one at r 2 as in Fig. 3b , then the contribution could be
where q 12 is the multiplier of the SL(2, C) element L 1 L 2 . Here we have used the completeness condition (3.25) and the fact that the two-point function is conformal invariant. Certainly we 
where q 21 is the multiplier of the element L 2 L 1 . However, note that the element L 2 L 1 is in the same primitive conjugacy class as L 1 L 2 , and have the same multiplier so that q 12 = q 21 .
For the contraction that the operator at a 1 connect to the one at a 2 as in Fig. 4a , the contribution is
where q1 2 is the multiplier of the element L
where q2 1 is the multiplier of the element L It is easy to understand the conjugacy class from the diagram with directions on the dashed lines. In the first case that a i connect with r i , the dashed lines and the solid lines starting and ending at the same points form two links, each of which corresponds to the primitive element L i , see Fig. 3a . In the second case that a 1 (a 2 ) connect to r 2 (r 1 ), the arrows along the dashed lines in the link point to the same direction, this correspond to the conjugate element L 1 L 2 , see Fig. 3b . In the last case that a i and b i form a square, the directions on two dashed lines are opposite, suggesting the corresponding element is
1 , depending on which vertex we start from, see Fig. 4a and 4b. Note that from the diagram, if the orientation of the link gets inverted, then the corresponding conjugacy class is inverse to the original one.
For example, if we change the orientation in Fig. 3b , we find the conjugacy class L
In Fig. 3a and Fig. 3b , the reversing of the orientation would not happen, as there is only one kind of orientation no matter where the starting point of the link is. However, in Fig. 4a and 4b, there could be two opposite orientations depending on the starting point. This is the reason why we get two different relations (3.39) and (3.40). The difference depends on which two-point function appears in the last step, the one betweenV m 1 and V m 1 , or the one between V m 2 and V m 2 . In other words, the computation of the correlation function cannot distinguish the difference between two conjugacy elements which are inverse to each other. Nevertheless, the different ways in computing lead to the same result.
If the operators correspond to the multi-particle states, then the situation becomes complicated. Now we are allowed to form link not only between the operators at a 1 and r 1 , but also between the operators at a 1 and a 2 or r 2 at the same time. The different ways of forming the loop lead to different conjugate class. In the next subsection, we will have a systematic discussion for higher genus case.
Higher genus
In a general higher genus case, we can compute the partition function by inserting the states in the vacuum module at each circle. This leads to compute the 2g-point functions in (2.21).
The states inserting at the different circles include the states with various particle numbers. We assume that the particle number of the states at C i to be r i , then the corresponding contribution to the partition function is
:)(:
Here we take the notation that in
the i labels the circle, t i denotes the particle index and every m i,t i takes value from 2 to ∞.
As shown in the genus-2 case, the operators inserted at the fixed point in the circle C i are free to contract with the operators in other circles, including C i . It is convenient to use the diagrammatic language introduced above to characterize all the possible contractions. A general contraction between the operators can form a closed link by the dashed lines and solid where j r k k means that there are |r k | pairs of operators inside the circles C k and C k appearing continually in the correlator such that it contributes a linking number |r k |. The value of r k could be positive or negative, up to the flow is from V toV or vice versa. Note that in a link, the flow should be continuous. For example, in the genus-1 case, the link between two single particle state is just a link (1 1 ), while the one formed by the particle-k states is (1 k ). In the genus-2 case, the link in Fig.3a is just (1 1 )(2 1 ), the one in Fig.3b is (1 1 2 1 ) , while the one in Fig.4a is (1 1 2 −1 ) and the one in Fig. 4b is (1 −1 2 1 ) . One subtle point is that for one link diagram, there could be two different orientation, like the ones in Fig. 5a and Fig.5b , with the corresponding conjugacy classes being inverse to each other. In more general case, the operators in one pair of circles may appear in different positions of a link, and it is forbidden to permute their positions if there are other operators between them. Namely, there could be a link of the form 42) which is different from the link (1 k 1 +k 3 2 k 2 +k 4 ).
More importantly, an oriented link is in one-to-one correspondence with the conjugacy class of the Schottky group. The element corresponding to the link (3.41) is
Note that an oriented link has a cyclic symmetry, as there is freedom to start labelling a link from any point on the link. Remarkably, the different elements corresponding to the different labels are conjugate to each other. Recall that in a free generated group, the group elements could be formed from the generators and their inverses. If we take the generators and their inverses as the alphabets, we can construct "words" with the letters. If a generator and its inverse appear next to each other in a word, the word could be simplified by omitting these two letters. A reduced word is the word which cannot be simplified. Moreover, a word is called cyclically reduced if its first and last letters are not inverse to each other. Every reduced word is conjugate to a cyclically reduced word, and a cyclically reduced conjugate of a cyclically reduced word is a cyclic permutation of the letters in the word. Simply speaking, a cyclically reduced conjugate stand for a conjugacy class. As in our discussion, the vertex operators have It is remarkable that the link formed from the product of the two-point function is generically of two opposite orientations, corresponding to two conjugacy classes inverse to each other. However, both conjugacy classes have the same multiplier and therefore the correlation function gets the same value. In the following, we ignore the orientation of the link, but keep in mind that the conjugacy classes have been doubly counted.
The value of a link is easy to compute. For a link corresponding to a primitive class, its value is just 44) where ql is the multiplier of the primitive element corresponding to the link. For a non-primitive link which can be written asl = (l (p) ) n , its value is
where ql
is the multiplier of the primitive element corresponding to the linkl (p) .
A general 2g-point function of multi-particle operators on a Riemann sphere can be decomposed into the summation of the product of the links. One kind of link can appear multiple times in the product. The order of the links does not matter, and one can move the links freely.
The important thing is the coefficient for the multiple links. For a diagram with r 1 , r 2 , ..., r g particles at the circles respectively, the permutation among the particles gives the same kind of diagram. The permutation at the circle C j contributes a r j ! factor, which cancel the coefficient in (3.41). However such permutation has two kinds of degeneracy.
1. If the linkl which have the linking number l appears n l times, then when we permute these links we get the same diagram. There is a n l ! degeneracy of over-counting in this case.
2. If there is a link which is not primitive, being the s-th power of a primitive link, then there is a translational symmetry along the primitive element. This symmetry contributes an order-s degeneracy.
Therefore for a non-primitive link appearing n l times in the product, their contribution is
is the multiplier of the primitive element in the link. By considering all possible links, there is no missing in counting every primitive element.
Moreover, notice that the 1-loop partition function (1.2) could be expanded 47) and the contribution from each primitive element could be expanded further should be the larger values of the element γ so that it is actually the same for both γ and γ −1 . Therefore a more precise relation is
But the full partition function including both holomorphic and anti-holomophic sector indeed match with (1.2)
Higher spin
In previous section, we calculate the higher-genus partition function for the theory dual to pure AdS 3 gravity at the order c 0 in the large c limit. In this section, we extend the study to the higher spin AdS 3 gravity and its CFT dual. As in the pure AdS 3 gravity, one may rewrite the action of the higher spin AdS 3 gravity in terms of two decoupled Chern-Simons actions with opposite levels. The gauge group could be enlarged from SL(2, R) to SL(n, R) in order to describe the higher spin fields up to spin n. It was found that by imposing generalized BrownHenneaux boundary condition, the asymptotic symmetry group of higher spin gravity is W symmetry with the central charge c = 3l 2G [11, 12] . This indicates that the higher spin AdS 3 gravity is dual to 2D CFT with W symmetry. Here we only focus on the semiclassical higher spin AdS 3 gravity and study the handlebody configurations which could be obtained as the quotient of the global AdS 3 by a Schottkky group. In these cases, the bulk configurations are the same as the ones in pure AdS 3 gravity, but the fluctuations around these configurations must include the higher spin ones, besides the usual spin 2 graviton. The 1-loop partition function now turns out to be
where the contribution from the fluctuation of different spins could be factorized
On the dual side, the conformal field theory has an W symmetry. In the large c limit, the algebra is simplified to be
Thus in a CFT with W symmetry one has to consider not only the vacuum module consisting of the states generated by L −m , m ≥ 2, but also the modules generated by the W primaries and their descendants, in the large c limit. In the module generated by a W primary, the lowest-weight state is generated by the primary field. For example, in the CFT with W 3 symmetry, the lowest-weight state in the W 3 module is the one generated by the W −3 |0 >, and the other states could be obtained by acting L −1 repeatedly on W −3 |0 >. This is very similar to the construction in the vacuum module, where the lowest weight state is generated by L −2 . Correspondingly, the holomorphic vertex operators in the W 3 module are of the forms
For the CFT with other W symmetries, the discussion is similar. One has to keep in mind that in the large c limit, the modules generated by different primaries are decoupled. The completeness condition for the CFT with W 3 symmetry now changes to
where the summation over m j is from 2 to the infinity, the summation over n k is from 3 to the infinity, and r 1 , r − r 1 are the "particle numbers" for the inserting states coming from the vacuum module and W 3 module respectively. This completeness condition can be transformed into the one in terms of the vertex operators. for the higher spin AdS 3 gravity.
Conclusion and discussion
In this paper, we discussed the 1-loop partition function in the AdS 3 /CFT 2 correspondence.
We focused on the handlebody solutions in the AdS 3 gravity. These solutions end on the asymptotic boundary as compact Riemann surfaces, which could be described by Schottky uniformization. The 1-loop partition function (1.2) of these solutions have been computed by using the heat kernel techniques and the method of images in [18] . But the direct computation in the dual CFT has so far been missing. We filled this gap and proved the result (1.2) in the large central charge limit of the CFT in this work.
We used the sewing technique to compute the CFT partition function on the Riemann surface. In the large c limit, the leading contribution, which is linear in c and corresponds to the semiclassical action of the gravitational configuration, is captured by the ZT action.
The sub-leading contribution to the partition function is encoded by the 2g-point functions on the Riemann sphere. These multi-point functions are at most of order c 0 under the large c limit. Actually it is relatively easy to read the leading order terms in these 2g-point functions.
It turns out that at leading order every 2g-point function could be reduced to the products of the two-point functions of single-particle operators. The products of two-point functions may define the links. Every oriented link is one-to-one related to a conjugacy class in the Schottky group. The value of each link could be reduced to one two-point function, whose value is determined by the multiplier of the conjugacy element in the Schottky group. By considering all possible ways to contract the operators and form the links, the result (1.2) has been reproduced. We generalized the study to the higher spin AdS 3 gravity and found agreement as well.
The proof presented in this work relies on the essential fact that the dual CFT in the large c limit is effectively free. As the two-point function of single-particle states dominates, the contribution from three-point function is suppressed. As a result, the multi-point functions on the Riemann sphere is simplified. In the bulk side, the dominance of two-point function of the single-particle operator is reflected in the fact that the massless graviton is freely propagating and the interaction among gravitons can be ignored. Certainly, this should be the case since the 1-loop gravitational partition function is only given by the functional determinant of the free massless graviton.
It would be interesting to study the higher loop partition function in the AdS 3 gravity from the multi-point functions on the Riemann sphere. The recent study in [37] shows that the higher order 1/c terms, corresponding to the higher loop corrections, are not vanishing for higher genus Riemann surface. It would be great to develop a systematic way to compute such terms in the large c limit. However, this problem is rather difficult as several approximations we relied on have to be reconsidered carefully. First of all, the orthogonality of the different states in the vacuum module does not hold at the order 1/c. Secondly, the vertex operators at the fixed points could not be written as the normal ordered product of single-particle operators.
Moreover, besides two-point function, the three-point function of single-particle state should be taken into account. On the bulk side, this means that we have to consider the interaction of the gravitons.
In this work, we mainly discussed the pure AdS 3 gravity and its higher spin generalization.
It is easy to see that the 1-loop partition function in the chiral gravity [40] can be proved.
In this case, we only needs to consider the holomorphic sector of the CFT, then the result is implied in our discussion. For the topologically massive gravity [41] at critical point, there could be other consistent asymptotic boundary condition to allow the logarithmic modes so that the dual CFT is a logarithmic CFT 2 . It would be interesting to check if we can reproduce the 1-loop partition function in this case and its higher spin generalization [43] [44] [45] [46] [47] .
